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The effect of magnetic fields on the r-modes of slowly rotating
relativistic neutron stars
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We study here the r-modes in the Cowling approximation of a slowly rotating and magnetized
neutron star with a poloidal magnetic field, where we neglect any deformations of the spherical
symmetry of the star. We were able to quantify the influence of the magnetic field in both the
oscillation frequency σr of the r-modes and the growth time tgw of the gravitational radiation
emission. We conclude that magnetic fields of the order 1015 G at the center of the star are
necessary to produce any changes. Our results for σr show a decrease of up to ∼ 5% in the
frequency with increasing magnetic field, with a B2 dependence for rotation rates Ω/ΩK & 0.07
and B4 for Ω/ΩK . 0.07. (These results should be trusted only within slow rotation approximation
and we kept Ω/ΩK < 0.3.) For tgw, we find that it is approximately 30% smaller than previous
Newtonian results for non-magnetized stars, which would mean a faster growth of the emission of
gravitational radiation. The effect of the magnetic field in tgw causes a non-monotonic effect, that
first slightly increases tgw and then decreases it further by another ∼ 5%. (The value of magnetic
field for which tgw starts to decrease depends on the rotational frequency, but it is generally around
1015G.) Future work should be dedicated to the study of the effect of viscosity in the presence of
magnetic fields, in order to establish the magnetic correction to the instability window.
I. INTRODUCTION
The r-mode instability was first discovered in [1, 2] and
it was predicted that the instability could become a sig-
nificant source of gravitational radiation. This happens
because the r-modes are generically unstable to the CFS
gravitational-radiation-driven instability [3–5]. The r-
mode instability follows immeadiately from the fact that
r-modes that are prograde with respect to a distant ob-
server are retrograde in the comoving frame for all values
of the angular velocity (the canonical energy of the modes
is negative). For some nice reviews see [6, 7]. However,
different mechanisms to damp the instability have to be
considered: one of them is viscosity [8], another one could
be sufficiently strong magnetic fields [9–11]. The instabil-
ity windows for non-magnetized Newtoninan stars were
initially calculated in [12, 13]. More recently, the effect of
magnetic fields on r-modes was discussed in [14, 15] for a
spherical shell and in [16] for a neutron star with purely
toroidal field, in all cases in the Newtonian context.
This paper is a first part of a project that is supposed
to contribute to the understanding of the instability win-
dow for slowly rotating relativistic neutron stars with
magnetic fields. We are here interested in and focused
on the modification of the r-modes in the presence of
magnetic fields and its effects on the gravitational wave
emission. The effect of magnetic fields on the r-mode
frequencies could be interesting for astrophysical objects
such as magnetars, that have magnetic fields of the order
of magnitude 1015 G and are very slow rotators with ro-
tational periods of a few seconds. We consider here stars
of comparable magnetic fields with rotational periods of
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a few milliseconds (due to a numerical difficulty: longer
periods would need longer time evolutions). The issue
of viscous damping of the mode, which determines the
instability window of the r-mode, is further complicated
by the presence of the magnetic field. Therefore we leave
it for future work.
We treat the problem within the realm of perturbation
theory, first by deriving general perturbation equations
and then by solving them numerically with a 2D Lax-
Wendroff method. The same numerical methods were
used and tested in our previous paper [17]. The advan-
tages of the 2D dynamical evolution in this case is that
it avoids both the r-mode continuous spectrum problem
[18] and the need for truncating the solution at some ℓ
(as done for instance in [19, 20] for torsional modes of a
relativistic star with a dipole magnetic field). We first
calculate the r-mode frequencies for different values of
the rotation parameter and magnetic fields. Then we
calculate the instability growth rate due to the emission
of gravitational waves as a function of the magnetic field.
(This gives both general relativistic and magnetic field
corrections to the results of [12, 13].)
The paper is organized as follows: in the second sec-
tion we describe our background model and in the third
section we present the full perturbation equations of our
model. This section is followed by the fourth section,
where we compute the r-mode frequencies for different
rotation rates of the star, as a function of the magnetic
field. In the fifth section we compute the growth time
due to the r-mode gravitational wave emission as a func-
tion of magnetic field. In the sixth section we present the
concluding remarks. (Everywhere in the paper, unless ex-
plicitly mentioned, we use the units c = G = M⊙ = 1.)
2II. THE BACKGROUND MODEL
We work with a slowly and uniformly rotating mag-
netized star with a polytropic equation of state. Our
model neutron star has M = 1.4M⊙, R = 14.08 km,
and the pressure p is given by the polytropic equation
of state p = KρΓ, taken with the parameters K = 100,
Γ = 2 and ρ is the rest-mass density of the star. The
Keplerian frequency ΩK (mass shedding limit) that we
use in our paper to normalize the rotation of the star is
ΩK =
√
M/R3 = 1.3 kHz.
The effect of the rotation is taken up to the linear order
in the rotation parameter Ω, which means one considers
the effect of the rotation on the spacetime metric (frame
dragging function), but neglects the effect of the rotation
on the stellar structure. (The deformations of the stellar
fluid due to rotation are of the order Ω2.)
We consider a dipole magnetic field and for the real-
istic neutron stars with magnetic fields (up to the order
of 1015G for magnetars), one can neglect the effect of
the magnetic field on both the stellar structure and the
background metric (for a more detailed argumentation,
see [19]).
This means the model follows from a line element:
ds2 = −eνdt2 + eλdr2 + r2dθ2 + r2 sin2(θ) [dφ− ωdt]
2
,
where ν, λ and ω are functions of r, and a stress energy
tensor given by:
T µν = (p+ ǫ+H2)uµuν +
(
p+
H2
2
)
gµν −HµHν .
Here ǫ is the total energy density, the 4-velocity uµ is
given as
u(t,r,θ,φ) =
(
e−ν/2, 0, 0, Ωe−ν/2
)
,
and Hµ is related to the magnetic field Bµ, defined as
usual in terms of the electromagnetic tensor Fµν as
Hµ =
Bµ
4π
= −
1
8π
ǫµναβu
νFαβ.
Our background model is thus obtained by the TOV
equations supplemented by a polytropic equation of
state, Hartle’s equation for the frame dragging function
ω [21]:
e
ν+λ
2
r4
(
r4e−
ν+λ
2 ω,r
)
,r
+
2
r
(ν,r + λ,r)(Ω− ω) = 0 , (1)
and the magnetic field is given by the Maxwell equations.
Therefore our dipole equilibrium magnetic field (for our
choice of equilibrium magnetic field, the induction equa-
tion is trivially fulfilled) obeys the Maxwell equations
Fµν;ν = 4πJ
µ,
solved with a 4-current Jµ with the only non-zero com-
ponent
4πJφ(r, θ) = −α(r) sin
2(θ) , (2)
(this choice is equivalent, for instance, to choosing the
terms with parity (−1)ℓ+1 in the parity decomposition
given in [22] and keeping only ℓ = 1, m = 0) with the
radial profile
α(r) = α0r
2ǫ2(r) ,
that describes a ring current inside the star. Moreover,
this current profile allows us to consider the magnetic
field as force-free at the surface (the Lorentz force goes
to zero at the surface of the star as ǫ2).
Choosing the vector potential as Aφ = −a(r) sin
2(θ)
(same parity and symmetry choices as we did for Jµ
above), the Maxwell equations give:
e−λa,rr+
[
4π(p− ǫ)r +
1− e−λ
r
]
a,r−
2
r2
a+α = 0. (3)
Here the components of our dipole magnetic field are
obtained from a(r) as:
Hr(r, θ) =
a(r)
2πr2
cos θ ,
Hθ(r, θ) =
a,re
−λ
4πr2
sin θ .
It is known that the equation (3) has outside the star an
exact analytic solution [23]:
a(r) = Cr2
[
ln
(
r
r − 2M
)
−
2M(r +M)
r2
]
. (4)
The full solution inside and outside the star for the dipole
magnetic field was computed by numerically solving eq.
(3) inside the star, matching the regular series expan-
sion of the solution near the center with the numerical
solution up to the surface, where we require continuity
of a(r) and its first derivative with the exterior analytic
solution (4).
Some representative plots of the behavior of the radial
function a(r) can be seen in figure 1, for increasing val-
ues of the current parameter α0. One typical solution
for the amplitude of the magnetic field inside the star is
given in figure 2 (we note here that the solid lines are
contour lines, and not magnetic field lines). Throughout
the paper we refer to the value of the magnetic field at
the center of the star. But since the magnetic field at the
pole of a star can be determined observationally, while
the value of the magnetic field at the center of star must
be calculated with some model, we present in figure 3 the
relation between Bpole and Bcenter given by our model.
In figure 4 we present some representative plots of the
numerical solutions obtained for the frame dragging func-
tion ω, from Hartle’s equation (1).
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FIG. 1. The function a(r) for different currents as a function
of the radial coordinate divided by the radius of the star.
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FIG. 2. The absolute value of the dipole magnetic field (in
Gauss) corresponding to α0 = 10. The magnetic field is shown
in the plane given by the rotational axis and a perpendicular
direction to the rotational axis.
III. PERTURBATION EQUATIONS
We are working in the Cowling approximation and
considering only barotropic perturbations, therefore the
fundamental set of perturbation variables is given by
δp, δuν , δHν . (For an analysis of the accuracy of the
Cowling approximation, but only for f and p modes, see
[24]. For r-modes, the Cowling approximation gives more
accurate frequencies, as these modes do not involve large
density variations [25].) The perturbation equations are
obtained by perturbing the Euler equations (i = r, θ, φ):
δ
(
{δiν + u
iuν}T
νβ
;β
)
= 0 (5)
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FIG. 3. The value of the magnetic field at the magnetic pole
Bpole as a funtion of the magnetic field at the center of the star
Bcenter as calculated with our model. We obtained Bpole =
0.0974Bcenter .
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FIG. 4. The frame dragging function ω as a function of the
radial coordinate normalized by the radius of the star. (The
frame dragging function up to the linear order in Ω is for a
uniformly rotating star only a function of r and outside the
star behaves as 2J/r3 [21].)
and the energy conservation equation
δ
(
uνT
νβ
;β
)
= 0 (6)
together with the perturbed induction equations
δ {(uµHν −Hµuν);ν} = 0. (7)
Furthermore one uses as constraints the perturbed ideal
MHD equation:
δ(Hµ;µ) = δ
(
Hµu
µ
;νu
ν
)
, (8)
4and the 4-velocity normalization condition
δ(uνuν) = 0 ,
together with the fact that the magnetic field remains
perpendicular to the 4-velocity
δ(uνH
ν) = 0 .
The last two equations can be subsequently used to
reduce the variables to the 7 independent variables
δp, δHi, δui, with i = r, θ, φ.
1. The original form of the perturbation equations
There are 3 independent components of the perturbed
induction equation which turn into:
• the r component:
e−ν/2(δHr,t +ΩδH
r
,φ) + (H
r
,θ +H
r cot(θ))δuθ +Hr(δut,t + δu
φ
,φ + δu
θ
,θ)−(
Hθ,θ + cot(θ)H
θ
)
δur −Hθδur,θ = 0. (9)
• the θ component:
e−ν/2(δHθ,t +ΩδH
θ
,φ) +H
θ(δut,t + δu
r
,r + δu
φ
,φ) +
+
{
Hθ,r +H
θ
(
ν,r + λ,r
2
+
2
r
)}
δur −
(
Hr,r +
{
ν,r + λ,r
2
+
2
r
}
Hr
)
δuθ −Hrδuθ,r = 0. (10)
• the φ component:
e−ν/2δHφ,t −
ν,r
2
Hrδuφ −
Hrδuφ,r −H
θδuφ,θ − Ωe
−ν/2(δHt,t + δH
r
,r + δH
θ
,θ +
(
λ,r
2
+
2
r
)
δHr + cot(θ)δHθ) = 0. (11)
The perturbed energy conservation equation is independent of the magnetic fields and is given as:
δp,t +Ω · δp,φ + e
ν/2 · Γp
[
e−νr2 sin2(θ) · (Ω− ω) · δuφ,t + δu
r
,r + δu
θ
,θ + δu
φ
,φ
]
=
= −eν/2 ·
{
Γp
[
ν,r + λ,r
2
+
2
r
]
− (p+ ǫ)
ν,r
2
}
· δur − eν/2 · Γp · cot(θ) · δuθ . (12)
The independent components of the perturbed Euler equation:
• the r component
(ǫ+ p+Hr2eλ +Hθ2r2){e−ν/2Ωδur,φ + e
−ν/2−λr2 sin2(θ)[ω,r +
(
ν,r −
2
r
)
(Ω− ω)]δuφ}+
[
(ǫ+ p+Hr2eλ +Hθ2r2)e−ν/2 − eλ−ν/2Hr2
]
δur,t
e−λν,r
2
(δǫ + δp) =
= −e−λδp,r +H
r(δHr,r + e
−ν/2r2Hθδuθ,t + e
−νr2 sin2(θ)(Ω− ω)δHφ,t + δH
φ
,φ + δH
θ
,θ) + (13)
+δHθ
(
−e−λr2Hθ
[
ν,r
2
+
2
r
]
+ cot(θ)Hr
)
+ δHr,θH
θ − e−λr2HθδHθ,r +
+δHrHr
{
λ,r
2
+
2
r
}
5• the θ component
(ǫ + p+Hr2eλ +Hθ2r2){e−ν/2Ωδuθ,φ − 2e
−ν/2 sin(θ) cos(θ) · (Ω− ω) · δuφ}+
+
[
(ǫ+ p+Hr2eλ +Hθ2r2)e−ν/2 − e−ν/2r2Hθ2
]
δuθ,t =
= −
1
r2
δp,θ + δH
θ
[
Hθ cot(θ) +Hr
(
ν,r
2
+
2
r
)]
+ (14)
+δHrHθ
(
λ,r
2
+
2
r
)
+HrδHθ,r +
+Hθ(eλ−ν/2Hrδur,t + e
−νr2 sin2(θ)(Ω − ω)δHφ,t + δH
r
,r + δH
θ
,θ + δH
φ
,φ)−
eλ
r2
HrδHr,θ.
• the φ component
(ǫ+ p+Hr2eλ +Hθ2r2){e−ν/2δuφ,t + e
−ν/2Ωδuφ,φ}+
+(ǫ+ p+Hr2eλ +Hθ2r2)e−ν/2
[
(Ω− ω),r +
(
2
r
− ν,r
)
(Ω− ω)
]
δur +
+2(ǫ+ p+Hr2eλ +Hθ2r2)e−ν/2 cot(θ)(Ω − ω)δuθ =
= −
[
1
r2 sin2(θ)
δp,φ + e
−ν(Ω− ω)δp,t
]
+ (15)
+HrδHφ,r +H
θδHφ,θ − δH
t
{(
2ω
r
+ ω,r +
Ων,r
2
+ ν,r(Ω− ω)
)
Hr + 2ω cot(θ)Hθ
}
+
+δHφ
([
ν,r
2
+
2
r
]
Hr + 2 cot(θ)Hθ
)
− Ω(HrδHt,r +H
θδHt,θ)−
eλ
r2 sin2(θ)
HrδHr,φ −
1
sin2(θ)
HθδHθ,φ − e
−ν(Ω− ω)(eλHrδHr,t + r
2HθδHθ,t).
The supplementary three constraints are the following:
• the perturbed ideal MHD equation
e−νr2 sin2(θ)(Ω − ω)δHφ,t + δH
r
,r + δH
θ
,θ + δH
φ
,φ +
(
λ,r
2
+
2
r
)
δHr + cot(θ)δHθ = Hreλ−ν/2Ωδur,φ +
+δuφr2 sin2(θ)e−ν/2
(
Hr
[
(Ω− ω)
(
ν,r −
2
r
)
+ ω,r
]
− 2Hθ cot(θ)(Ω − ω)
)
+Hθr2e−ν/2Ωδuθ,φ. (16)
• perturbed perpendicularity condition of magnetic field and 4-velocity
eν/2δHt = eλHrδur + r2Hθδuθ + e−ν/2r2 sin2(θ)(Ω − ω)δHφ , (17)
• and the perturbed 4-velocity normalization condition:
δut = e−νr2 sin2(θ)(Ω − ω)δuφ . (18)
Let us mention that the upper equations reduce for the special case of Ω = δp = δur = δuθ = 0 to the equations
shown in [19].
2. The form of perturbation equations suitable for
the numerical integration
For the numerical integration with the 2D Lax-
Wendroff scheme we need to obtain the dynamical equa-
tions in a form containing only one time derivative in
each equation. This is most convenient to achieve by
proper linear combinations of the original equations and
ommiting the ∼ Ω2 terms. The 7 independent variables
6δHi, δui, δp , (i = r, θ, φ), are further transformed into
“momentum-like” variables
δH˜i = (ǫ + p)δHi, δu˜i = (ǫ+ p)δui .
(For the introduction of these variables in the Newtonian
context see [26].) This transformation is done for the
purpose of obtaining a simple boundary condition at the
stellar surface as:
δu˜i = δH˜i = δp = 0.
Furthermore we apply regularity conditions at the cen-
ter of the star and at the rotational axis, together with
the correct symmetry conditions at the equatorial plane.
(For the details about these conditions see our previous
work [17].)
Another constraint that has to be fulfilled is the time
independent MHD equation, that is checked to be sat-
isfied in each step of the calculation (up to certain de-
termined numerical error). The time independent MHD
constraint is obtained from the perturbed ideal MHD
equation (16) by subtracting the appropriate multiple of
the φ component of the perturbed induction equation
(11). The constraint reads:
e−ν/2r2 sin2(θ)(Ω− ω)
(
Hrδuφ,r +H
θδuφ,θ
)
+
+δHr,r + δH
θ
,θ + δH
φ
,φ +
(
λ,r
2
+
2
r
)
δHr + cot(θ)δHθ = Hreλ−ν/2Ωδur,φ +
+δuφr2 sin2(θ)e−ν/2
(
Hr
[
(Ω− ω)
(
ν,r
2
−
2
r
)
+ ω,r
]
+ 2Hθ cot(θ)(ω − Ω)
)
+Hθr2e−ν/2Ωδuθ,φ.
Our integration domain occupies only the first quad-
rant, since we take advantage of the symmetries at the
equatorial plane. Our numerical grid typically has 50×50
points in r × θ, where r varies in [0, R] and θ in [0, π/2].
We take usually 10.000-50.000 time steps in the evolution
of the equations, depending on the rotating rate and, con-
sequently, the frequency of the r-mode. In each time evo-
lution we observe at least several periods of oscillation of
the perturbations. We point out here that our time evo-
lutions were so far stable, and we did not see signs of the
hydromagnetic instability observed in [27] for axial-led
perturbations in Newtonian gravity. The investigation of
this issue in our relativistic treatment is left for a future
work.
We limited the maximum rotation rate considered here
by Ω = 0.27ΩK, motivated by the results of [28], where
they see corrections of the order Ω3 in the r-mode fre-
quencies for Ω & 0.3ΩK . We also limited our minimum
rotation rate at Ω = 0.7ΩK because of numerical reasons,
as already stated in the introduction (lower rotation rates
would demand longer simulations). In the next section
we discuss the numerical limits on the magnetic field.
The final equations obtained via the linear combina-
tions and redefinitions of variables can be found in the
appendix A. In appendix B we present simplified equa-
tions obtained from the equations in appendix A by ne-
glecting the coefficients of the order ΩHi and H2. These
simplified equations can be useful for sufficiently weak
magnetic fields and sufficiently slow rotation rates, where
neglecting the ΩHi and H2 terms could be justified. We
used also these equations to compute the r-mode frequen-
cies and the results are compared in the figure 6.
IV. THE RESULTS FOR THE R-MODE
FREQUENCIES (FOR ℓ = m = 2)
The r-modes (ℓ = m = 2) were computed using the
equations (A1)-(A7). We solve the system of equations
with a 2D Lax-Wendroff scheme with non-constant coef-
ficients [29]. We refer the reader to a previous work [17]
for further details on the numerical setup used for obtain-
ing the r-mode frequency and eigenfunction. (In [17] it
was used for non-magnetized and differentially rotating
stars.)
We calculated the r-modes first for zero magnetic field.
The dependence of the r-mode frequencies on the rotation
parameter for the non-magnetized field case is shown in
figure 5. We compared results with [30] for the star with
Ω/ΩK = 0.27, and found that our results match with
less than 3% error. (For more results on r-modes of non-
magnetized stars see also the papers [31–35].)
In figures 6 and 7 we present r-modes as a function of
magnetic field. For comparison we present in the figure 6
also r-modes calculated via the simplified equations from
the appendix B for the star with Ω/ΩK = 0.27. The
approximation of the simplified equations is shown to
break down in this case at the value of magnetic field
around 2.5× 1015 G, while the results obtained from the
full equations seem to breakup at a larger magnetic field
around 3.5× 1015 G. For larger magnetic fields than 4×
1015 G (where we do not entirely trust our results), we
still see that the r-mode disappears completely due to the
growth of another mode (possibly an Alfve´n mode). We
believe that the breakdown in the behavior of the r-mode
frequencies is caused by the growth of this other mode
and the subsequent deformation of the r-mode. This is
7consistent with the expectations based on the results of
[9–11, 16].
As can be seen in the figure 7, the r-mode frequen-
cies change very little when one turns on the magnetic
field. This is consistent with the observation of [36] for
Newtonian stars. The change of the frequencies is more
pronounced for smaller values of the rotation parameter.
For Ω/ΩK = 0.07 and magnetic field 3.3 × 10
15 G, the
r-mode frequency changes by a little less than 4%. In
case of larger rotation Ω/ΩK = 0.17 the same value of
magnetic field changes the r-mode frequency by 1%.
Even though the variations are small, one can still
clearly observe from Fig.7 the behavior of the frequencies
with respect to the increasing magnetic field. Such a be-
havior seems to have remarkable features: the r-mode fre-
quencies behave for sufficiently large Ω (Ω ∼ 0.17ΩK) as
∼ B2, whereas for a smaller value of Ω, (Ω/ΩK ≈ 0.07),
the behavior of the frequencies with respect to the mag-
netic field is given as ∼ B4. Let us note that the ∼ B4
dependence was observed for the r-modes of the spherical
shell in [14].
In figures (8) and (9) we show the plots of the r-mode
eigenfunctions for all the variables. (The eigenfunctions
are shown in the plane given by the rotational axis and
a perpendicular axis to the rotation.) The complicated
interplay between r-modes and magnetic fields is more
visible in the δHφ eigenfunction, where we can see a sort
of double peak. This happens for all rotation rates, and
it is more pronounced for larger magnetic fields. We be-
lieve that this shows the deformation of the r-mode eigen-
function caused by other modes excited for large enough
magnetic fields. For more details on the procedure used
for extracting the eigenfunctions, see again [17].
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FIG. 5. The plot represents the r-mode frequency as a func-
tion of the rotation parameter for zero magnetic field.
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field. It compares the r-mode frequency computed using the
equations (B1)-(B7), (the equations with the linearized back-
ground coefficients), (the red line), with the r-mode obtained
via the non-simplified equations (A1)-(A7) (the green line).
The solid line shows a quadratic fit done with the points be-
fore the breakup.
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FIG. 7. The relative change of the r-mode frequency as a
function of the absolute value of the magnetic field, for dif-
ferent values of the rotation parameter. (Computed with the
full, non-simplified equations.) The lines show the quadratic
(and quartic, for Ω/ΩK = 0.07) fits.
V. THE R-MODE INSTABILITY AND
GRAVITATIONAL RADIATION
The r-mode instability growth times (for ℓ = m =
2) are calculated by using the usual quadrupole formula
(for the details see for example [13]). The characteristic
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FIG. 8. The r-mode eigenfunctions for 3.3×1015G magnetic field (at the center of the star) and the rotation rate Ω/ΩK = 0.27.
The eigenfunctions go clockwise from the left upper corner as δp, δur, δuφ, δuθ . Also the vertical axis is the axis of rotation and
the horizontal axis is lying in the equatorial plane.
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FIG. 9. The r-mode eigenfunctions for 3.3×1015G magnetic field (at the center of the star) and the rotation rate Ω/ΩK = 0.27.
The eiegenfunctions go from left to right as δHr, δHθ, δHφ. Also the vertical axis is the axis of rotation and the horizontal axis
is lying in the equatorial plane.
timescale is calculated from the equation:
dE
dt
= −
2E
tgw
= −
∫
ρ|δv|2dV
tgw
(19)
with δvi = δui/ut, i = r, θ, φ. The energy time deriva-
tive is calculated from the quadrupole formula as:
dE
dt
|gw = −(σ +mΩ)
∞∑
ℓ=2
Nℓσ
2ℓ+1(|δDℓm|
2 + |δJℓm|
2),
with
Nℓ = 4π
(ℓ+ 1)(ℓ + 2)
ℓ(ℓ− 1)[(2ℓ+ 1)!!]2
,
where δDℓm and δJℓm are the mass and the current mul-
tipoles defined as in [13]. (We use both mass and cur-
rent multipoles, but because the r-modes involve only a
perturbed velocity field, to the lowest order in Ω, gravi-
tational radiation through current multipoles dominates
over that produced by mass multipoles [12, 13].) In par-
ticular the multipoles can be expressed as:
δDℓm =
∫
δρrℓY ∗ℓmdV
and
δJℓm = 2
ℓ
ℓ+ 1
∫
rℓ(ρδvi + δρvi)Y B∗i ℓmdV.
(Here Yℓm and Y
Bi
ℓm are the multipoles defined in [37].)
9We were able to fit the function tgw for zero magnetic
fields as a functions of the rotation period P as
tgw = τgw(P/1ms)
pgws,
with the dimensionless parameters τgw and pgw taking
the values τgw = 13.65 and pgw = 5.83. We compare
our values for τgw and pgw with the values obtained in
[8, 13] in table I (see also figure 10).
TABLE I. The τgw and pgw parameters for the case of zero
magnetic fields. We are comparing our results with [12, 13]
where the calculations were done for the Newtonian poly-
tropes with stellar parameters close to ours. We obtained
27-34 % faster emission of gravitational waves compared to
the Newtonian setting.
our result ref. [12] ref. [13]
τgw 13.65 18.91 20.83
pgw 5.83 6 5.93
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FIG. 10. The (normalized) logarithmic timescale for the r-
mode instability growth as a function of the (normalized) log-
arithm of the period of rotation (for zero magnetic field). We
compare here our results with the results of [12, 13].
The instability growth time scale tgw relative change
due to the magnetic field is shown in figure (11). We can
see that the relative change becomes positive for lower
values of magnetic fields (increasing the growth time and
slowing down the emission of gravitational waves) and
then becomes negative for larger values of the magnetic
field (with the opposite effect), causing a relative change
of up to ∼ 5%. Similarly to the r-mode frequencies, the
relative effect of the magnetic field is more pronounced
for the lower rotation rates. However, to estimate the
amount of gravitational waves emitted and the window
of the instability we would need to calculate the viscosity
damping rates and that is left for future work.
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FIG. 11. The relative difference in the timescale for the r-
mode instability growth as a function of the magnetic field.
VI. CONCLUSIONS
We presented here a model for a rotating magnetized
star, in which we neglect the distortion of both the ge-
ometry and the fluid by a dipolar magnetic field. We
derived the full perturbation equations in the Cowling ap-
proximation. After solving the 2D time evolution prob-
lem with a Lax-Wendroff method, we computed the r-
mode frequencies using the Fourier spectrum of the so-
lution and we were able to extract the eigenfunctions of
the perturbations. The frequencies and eigenfunctions of
the r-mode were then used to calculate the growth time
scale due to gravitational radiation, using the Newtonian
quadrupole formalism.
We found that the effect of the magnetic field on the
frequencies is very small, (up to 5% for the lowest rota-
tion rates). For lower rotation rates the frequencies fol-
low a B4 dependence and, for higher rotation rates, a B2
dependence. The effect on the r-mode growth time tgw
indicates a faster emission of gravitational waves, com-
pared to the Newtonian non-magnetized calculations of
[12, 13]. We found that tgw is more significantly affected
by the presence of general relativity (∼ 30%) and less sig-
nificantly by the presence of magnetic field (up to ∼ 5%).
Our results indicate that the relative effects of the mag-
netic field are more pronounced for more slowly rotating
stars. Therefore it could be possible that they achieve
higher values for magnetars, that have rotation periods
about 1000 times larger than the ones considered here
(due to numerical limitations). However, it is not trivial
to estimate how large these corrections would be, given
the complicated dependence on both rotation and mag-
netic field of the solutions.
The effect of viscosity will play of course a key role in
determining the actual instability window and is left for
the future work. A more realistic description of the star
would also need to include work with realistic equations
10
of state and a stellar crust, together with considering the
backreaction from the production of toroidal magnetic
field [38]. This is also left for the future.
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Appendix A: The form of equations suitable for the
numerical code
The final dynamical equations for the numerical evo-
lution are given as:
(p+ ǫ)
[
Ω− (Ω− ω)
Γp
ǫ+ p+H2
]
δp,φ − r
2 sin2(θ)(Ω − ω)
Γp
ǫ+ p+H2
[
−HrδH˜φ,r −H
θδH˜φ,θ−(
Hr
[
ν,r +
ν,r
2
ǫ+ p
Γp
+
2
r
]
+ 2 cot(θ)Hθ
)
δH˜φ +
eλHr
r2 sin2(θ)
δH˜r,φ +
Hθ
sin2(θ)
δH˜θ,φ
]
+ (A1)
+(p+ ǫ)δp,t + e
ν/2Γp(δu˜r,r + δu˜
θ
,θ + δu˜
φ
,φ) + e
ν/2Γp
(
λ,r
2
+ ν,r +
2
r
)
δu˜r +
+eν/2Γp cot(θ)δu˜θ = 0
[
e−ν/2Ω−
eλHr2(Ω− ω)
ǫ+ p+H2
]
δH˜r,φ −
Hrr2 sin2(θ)(Ω− ω)
ǫ+ p+H2
[
p+ ǫ
r2 sin2(θ)
δp,φ −H
rδH˜φ,r −H
θδH˜φ,θ−(
Hr
[
ν,r
2
p+ ǫ
Γp
+ ν,r +
2
r
]
+ 2 cot(θ)Hθ
)
δH˜φ +
Hθ
sin2(θ)
δH˜θ,φ
]
+ (A2)
+e−ν/2δH˜r,t + [H
r
,θ +H
r cot(θ)]δu˜θ +Hr(δu˜φ,φ + δu˜
θ
,θ)− (H
θ
,θ + cot(θ)H
θ)δu˜r −Hθδu˜r,θ = 0.
[
Ωe−ν/2 −
(Ω− ω)Hθ2r2
ǫ+ p+H2
]
δH˜θ,φ −
(Ω− ω)r2 sin2(θ)Hθ
ǫ+ p+H2
[
p+ ǫ
r2 sin2(θ)
δp,φ −H
rδH˜φ,r −H
θδH˜φ,θ−(
Hr
[
ν,r
2
p+ ǫ
Γp
+ ν,r +
2
r
]
+ 2 cot(θ)Hθ
)
δH˜φ +
eλHr
r2 sin2(θ)
δH˜r,φ
]
+ (A3)
+e−ν/2δH˜θ,t +H
θ(δu˜r,r + δu˜
φ
,φ) +
[
Hθ,r +H
θ
(
ν,r
p+ǫ
Γp + λ,r
2
+ ν,r +
2
r
)]
δu˜r −
[
Hr,r +H
r
(
ν,r
p+ǫ
Γp + λ,r
2
+ ν,r +
2
r
)]
δu˜θ −Hrδu˜θ,r = 0.
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[
Ω(ǫ+ p+H2)− (Ω− ω)(H2 + Γp)
]
δu˜φ,φ +
+
[
−(ǫ+ p+ r2Hθ2)ω,r + 2ωe
λHr
(
Hr
r
+ cot(θ)Hθ
)
+
+Ωeλ
(
Hr2
[
λ,r +
ν,r
2
(Γ + 1)p+ ǫ
Γp
]
+HrHr,r +H
θHr,θ
)
+
+(Ω− ω)
{
(ǫ+ p+H2)
(
2
r
− ν,r
)
−
(
λ,r
2
+
2
r
)
(H2 + Γp)− ν,r(r
2Hθ2 + Γp)−
ν,r
2
r2Hθ2
p+ ǫ
Γp
−
(
eλHrHr,r + r
2HθHθ,θ
)
+ ν,rH
r2eλ
}]
δu˜r +
+
[
(Ω− ω)
(
{2(ǫ+ p) +H2 − Γp} cot(θ) + r2HrHθ
ν,r
2
(3Γ + 1)p+ ǫ
Γp
)
+ (A4)
+Ωr2HrHθ
ν,r
2
(
1 +
ǫ+ p
Γp
)
+ ωr2
[
2Hθ
(
2Hr
r
+Hθ cot(θ)
)
+HrHθ,r +H
θHθ,θ
]
+ r2HθHrω,r
]
δu˜θ +[
(2Ω− ω)r2Hθ2 − (Ω− ω)
(
H2 + Γp
)]
δu˜θ,θ + (2Ω− ω)e
λHrHθδu˜r,θ +
+(2Ω− ω)r2HrHθδu˜θ,r +
+
[
(2Ω− ω)eλHr2 − (Ω− ω)
(
Γp+H2
)]
δu˜r,r + (ǫ+ p+H
2)δu˜φ,t + e
ν/2
[
p+ ǫ
r2 sin2(θ)
δp,φ−
HrδH˜φ,r −H
θδH˜φ,θ −
[(
ν,r
2
+
2
r
)
Hr + 2 cot(θ)Hθ
]
δH˜φ +
eλHr
r2 sin2(θ)
δH˜r,φ +
Hθ
sin2(θ)
δH˜θ,φ
]
= 0.
Ω(ǫ+ p+H2)e−ν/2δur,φ +
(ǫ+ p+H2)e−ν/2Ωr2HrHθ
ǫ + p+ eλHr2
δuθ,φ +
+e−ν/2r2 sin2(θ)(ǫ + p+H2)
[
e−λ
(
ω,r +
{
ν,r −
2
r
}
(Ω− ω)
)
−
Ω− ω
ǫ+ p+ eλHr2
{
ν,rH
r2
2
(2Γ + 1)p+ ǫ
Γp
+ 2HrHθ cot(θ)
}]
δu˜φ −
Hrr2 sin2(θ)e−ν/2(Ω− ω)(ǫ+ p+H2)
ǫ+ p+ eλHr2
[
Hrδu˜φ,r +H
θδu˜φ,θ
]
+
+
e−ν/2(ǫ+ p)(ǫ + p+H2)
ǫ+ p+ eλHr2
δu˜r,t +
e−λ(p+ ǫ)ν,r
2
[
1 +
ǫ+ p
Γp
]
δp+ (A5)
+e−λ(p+ ǫ)δp,r −
Hr(ǫ+ p+H2)
ǫ+ p+ eλHr2
(δH˜r,r + δH˜
φ
,φ + δH˜
θ
,θ)−
Hθ(ǫ + p)
ǫ+ p+ eλHr2
δH˜r,θ +
e−λr2Hθ (ν,r
2
+
2
r
)
− cot(θ)Hr −
r2Hθ
{
Hr
(
Hθ cot(θ) +Hr
[
νr
2 +
2
r
])
+ (ǫ+ p)e−λ
ν,r
2
(Γ+1)p+ǫ
Γp
}
ǫ+ p+ eλHr2

 δH˜θ +
+
Hθe−λr2(ǫ+ p)
ǫ+ p+ eλHr2
δH˜θ,r −
Hr(ǫ+ p+H2)
ǫ+ p+ eλHr2
(
ν,r + λ,r
2
+
ν,r
2
p+ ǫ
Γp
+
2
r
)
δH˜r +
HrHθ(p+ ǫ)
ǫ+ p+ eλHr2
δp,θ = 0
12
(ǫ + p+H2)e−ν/2Ωδu˜θ,φ +
(ǫ+ p+H2)e−ν/2ΩeλHθHr
ǫ+ p+ r2Hθ2
δu˜r,φ −
(ǫ+ p+H2) sin2(θ)e−ν/2
[
2 cot(θ)(Ω − ω) +
HrHθr2(Ω− ω)ν,r
2(ǫ+ p+ r2Hθ2)
(2Γ + 1)p+ ǫ
Γp
−
HθHrr2
ǫ+ p+ r2Hθ2
(
ω,r +
{
ν,r −
2
r
}
(Ω− ω)
)]
δu˜φ −
Hθe−ν/2r2 sin2(θ)(Ω − ω)(ǫ+ p+H2)
ǫ+ p+ r2Hθ2
[
Hrδu˜φ,r +H
θδu˜φ,θ
]
+
+
e−ν/2(ǫ + p)(ǫ+ p+H2)
ǫ+ p+ r2Hθ2
δu˜θ,t +
ν,rH
rHθ(p+ ǫ)
2(ǫ+ p+ r2Hθ2)
[
1 +
ǫ+ p
Γp
]
δp+ (A6)
+
HθHr(p+ ǫ)
ǫ+ p+ r2Hθ2
δp,r −
Hθ(ǫ + p+H2)
ǫ+ p+ r2Hθ2
(δH˜r,r + δH˜
φ
,φ + δH˜
θ
,θ) +
eλHr(ǫ + p)
r2(ǫ+ p+ r2Hθ2)
δH˜r,θ +
+
[
Hr
ǫ+ p+ r2Hθ2
(
r2Hθ2
{
ν,r
2
+
2
r
}
− eλ cot(θ)HrHθ − (ǫ + p)
ν,r
2
(Γ + 1)p+ ǫ
Γp
)
−
Hθ cot(θ)−Hr
{
ν,r
2
+
2
r
}]
δH˜θ −
Hr(ǫ+ p)
ǫ+ p+ r2Hθ2
δH˜θ,r −
Hθ(ǫ+ p+H2)
ǫ+ p+ r2Hθ2
[
ν,r + λ,r
2
+
ν,r
2
p+ ǫ
Γp
+
2
r
]
δH˜r +
p+ ǫ
r2
δp,θ = 0
Ω
[
ǫ + p−H2
]
δH˜φ,φ +ΩH
r ν,r(p+ ǫ)
2
(
1 +
ǫ+ p
Γp
)
δp+ΩHr(p+ ǫ)δp,r −
ΩH2
(
δH˜r,r + δH˜
θ
,θ
)
− Ω
(
ν,r + λ,r
2
+
ν,r
2
p+ ǫ
Γp
+
2
r
)
H2δH˜r − Ωcot(θ)H2δH˜θ − (A7)
ΩHθ(p+ ǫ)δp,θ + (ǫ+ p)e
ν/2
[
e−ν/2δH˜φ,t −
[
1
2
p+ ǫ
Γp
+ 1
]
ν,rH
rδu˜φ −Hrδu˜φ,r −H
θδu˜φ,θ
]
= 0.
Appendix B: The equations with the linearized coefficients
[Ω(ǫ + p)− (Ω− ω)Γp] δp,φ +
+(ǫ+ p)δp,t + e
ν/2Γp(δu˜r,r + δu˜
θ
,θ + δu˜
φ
,φ) + e
ν/2Γp
(
λ,r
2
+ ν,r +
2
r
)
δu˜r + (B1)
+eν/2Γp cot(θ)δu˜θ = 0
e−ν/2ΩδH˜r,φ + e
−ν/2δH˜r,t +
+[Hr,θ +H
r cot(θ)]δu˜θ +Hr(δu˜φ,φ + δu˜
θ
,θ)− (H
θ
,θ + cot(θ)H
θ)δu˜r −Hθδu˜r,θ = 0. (B2)
Ωe−ν/2δH˜θ,φ +
+e−ν/2δH˜θ,t +H
θ(δu˜r,r + δu˜
φ
,φ) +
[
Hθ,r +H
θ
(
ν,r
{
p+ ǫ
2Γp
+ 1
}
+
λ,r
2
+
2
r
)]
δu˜r − (B3)[
Hr,r +H
r
(
ν,r
{
p+ ǫ
2Γp
+ 1
}
+
λ,r
2
+
2
r
)]
δu˜θ −Hrδu˜θ,r = 0.
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[Ω(ǫ + p)− (Ω− ω)Γp)] δu˜φ,φ +
+
[
−(ǫ+ p)ω,r + (Ω− ω)
{
(ǫ + p)
(
2
r
− ν,r
)
−
(
λ,r
2
+ ν,r +
2
r
)
Γp
}]
δu˜r + (B4)
+(Ω− ω){2(ǫ+ p)− Γp} cot(θ)δu˜θ − (Ω− ω)Γpδu˜θ,θ − (Ω− ω)Γpδu˜
r
,r + (ǫ + p)δu˜
φ
,t + e
ν/2
[
ǫ+ p
r2 sin2(θ)
δp,φ−
HrδH˜φ,r −H
θδH˜φ,θ −
[(
ν,r
2
+
2
r
)
Hr + 2 cot(θ)Hθ
]
δH˜φ +
eλHr
r2 sin2(θ)
δH˜r,φ +
Hθ
sin2(θ)
δH˜θ,φ
]
= 0.
Ω(ǫ + p)e−ν/2δur,φ +
+e−ν/2r2 sin2(θ)e−λ(ǫ + p)
(
ω,r +
{
ν,r −
2
r
}
(Ω− ω)
)
δu˜φ +
+e−ν/2(ǫ + p)δu˜r,t + (ǫ+ p)
e−λν,r
2
[
ǫ+ p
Γp
+ 1
]
δp+
+(ǫ+ p)e−λδp,r −H
r(δH˜r,r + δH˜
φ
,φ + δH˜
θ
,θ)−H
θδH˜r,θ + (B5)
+
[
e−λr2Hθ
(
ν,r
2
+
2
r
)
− cot(θ)Hr − r2Hθe−λ
ν,r
2
{
ǫ+ p
Γp
+ 1
}]
δH˜θ +
+Hθe−λr2δH˜θ,r −H
r
(
λ,r
2
+
ν,r
2
{
ǫ+ p
Γp
+ 1
}
+
2
r
)
δH˜r = 0
(ǫ + p)e−ν/2Ωδu˜θ,φ −
sin2(θ)e−ν/2(ǫ + p)2 cot(θ)(Ω− ω)δu˜φ + e−ν/2(ǫ + p)δu˜θ,t −
Hθ(δH˜r,r + δH˜
φ
,φ + δH˜
θ
,θ) +
eλHr
r2
δH˜r,θ − (B6)[
Hr
ν,r
2
{
p+ ǫ
Γp
+ 1
}
+Hθ cot(θ) +Hr
{
ν,r
2
+
2
r
}]
δH˜θ −
HrδH˜θ,r −H
θ
[
λ,r
2
+
ν,r
2
{
p+ ǫ
Γp
+ 1
}
+
2
r
]
δH˜r +
ǫ + p
r2
δp,θ = 0
ΩδH˜φ,φ + δH˜
φ
,t − e
ν/2
([
1
2
p+ ǫ
Γp
+ 1
]
ν,rH
rδu˜φ +Hrδu˜φ,r +H
θδu˜φ,θ
)
= 0. (B7)
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